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Abstract. The paper presents two useful extensions of the incre-

mental SVM in the context of online learning. An online support

vector data description algorithm enables application of the online

paradigm to unsupervised learning. Furthermore, online learning

can be used in the large-scale classification problems to limit the

memory requirements for storage of the kernel matrix. The pro-

posed algorithms are evaluated on the task of online monitoring

of EEG data, and on the classification task of learning the USPS

dataset with a-priori chosen working set size.

INTRODUCTION

Many real-life machine learning problems can be more naturally viewed as
online rather than batch learning problems. Indeed, the data is often collected
continuously in time, and, more importantly, the concepts to be learned may
also evolve in time. Significant effort has been spent in the recent years on
development of online SVM learning algorithms (e.g. [17, 13, 7, 12]). The
elegant solution to online SVM learning is the incremental SVM [4] which
provides a framework for exact online learning. In the wake of this work two
extensions to the regression SVM have been independently proposed [10, 9].

One should note, however, a significant restriction on the applicability of
the above-mentioned supervised online learning algorithms: the labels may
not be available online, as it would require manual intervention at every
update step. A more realistic scenario is the update of the existing classifier
when a new batch of data becomes available. The true potential of online
learning can only be realized in the context of unsupervised learning.

An important and relevant unsupervised learning problem is one-class
classification [11, 14]. This problem amounts to constructing a multi-dimensional
data description, and its main application is novelty (outlier) detection. In
this case online algorithms are essential, for the same reasons that made on-
line learning attractive in the supervised case: the dynamic nature of data



and drifting concepts. An online support vector data description (SVDD)
algorithm based on the incremental SVM is proposed in this paper.

Looking back at the supervised learning, a different role can be seen for on-
line algorithms. Online learning can be used to overcome memory limitations
typical for kernel methods on large-scale problems. It has been long known
that storage of the full kernel matrix, or even the part of it corresponding
to support vectors, can well exceed the available memory. To overcome this
problem, several subsampling techniques have been proposed [16, 1]. Online
learning can provide a simple solution to the subsampling problem: make a
sweep through the data with a limited working set, each time adding a new
example and removing the least relevant one. Although this procedure re-
sults in an approximate solution, an experiment on the USPS data presented
in this paper shows that significant reduction of memory requirements can
be achieved without major decrease in classification accuracy.

To present the above-mentioned extensions we first need an abstract for-
mulation of the SVM optimization problem and a brief overview of the in-
cremental SVM. Then the details of our algorithms are presented, followed
by their evaluation on real-life problems.

PROBLEM DEFINITION

A smooth extension of the incremental SVM to the SVDD can be carried out
by using the following abstract form of the SVM optimization problem:

max
µ

min
0≤x≤C

a
T

x+b=0

: W = −cT x +
1

2
xT Kx + µ(aT x + b), (1)

where c and a are n × 1 vectors, K is a n × n matrix and b is a scalar. By
defining the meaning of the abstract parameters a, b and c for the particular
SVM problem at hand, one can use the same algorithmic structure for differ-
ent SVM algorithms. In particular, for the standard support vector classifiers
[19], take c = 1, a = y, b = 0 and the given regularization constant C; the
same definition applies to the ν-SVC [15] except that C = 1

Nν
; for the SVDD

[14, 18], the parameters are defined as: c = diag(K), a = y and b = −1.
Incremental (decremental) SVM provides a procedure for adding (remov-

ing) one example to (from) an existing optimal solution. When a new point
k is added, its weight xk is initially assigned to 0. Then the weights of other
points and µ should be updated, in order to obtain the optimal solution for
the enlarged dataset. Likewise, when a point k is to be removed from the
dataset, its weight is forced to 0, while updating the weights of the remaining
points and µ so that the solution obtained with xk = 0 is optimal for the
reduced dataset. The online learning follows naturally from the incremen-
tal/decremental learning: the new example is added while some old example
is removed from the working set.



INCREMENTAL SVM: AN OVERVIEW

Main idea

The basic principle of the incremental SVM [4] is that updates to the state of

the example k should keep the remaining examples in their optimal state. In
other words, the Kuhn-Tucker (KT) conditions:

gi = −ci + Ki,:x + µai







≥ 0, if xi = 0

= 0, if 0 < xi < C

≤ 0, if xi = C

(2)

∂W

∂µ
= aT x + b = 0 (3)

must be maintained for all the examples, except possibly for the current one.
To maintain optimality in practice, one can write out conditions (2)–(3)

for the states before and after the update of xk. By subtracting one from the
other the following condition on increments of ∆x and ∆g is obtained:
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The subscript s refer to the examples in the set S of unbounded support
vectors, and the subscript r refers to the set R of bounded support vectors
(E) and other examples (O). It follows from (2) that ∆gs = 0. Then lines 2
and 4 of the system (4) can be re-written as:

[
0
0

]

=

[
0 aT

s

as Kss

]

∆s +

[
ak

KT
ks

]

∆xk. (5)

This linear system is easily solved for ∆s:

∆s = β∆xk, (6)

where

β = −

[
0 aT

s
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]−1
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(7)

is the gradient of the linear manifold of optimal solutions parameterized by
xk.

One can further substitute (6) into the lines 1 and 3 of the system (4)
and obtain the following relation:

[
∆gk

∆gr

]

= γ∆xk, (8)



where

γ =

[
ac Kks

ar Krs

]

β +

[
Kkk

KT
kr

]

(9)

is the gradient of the linear manifold of the gradients of the examples in set
R at the optimal solution parameterized by xk .

Accounting: a systematic account

Notice that all the reasoning in the preceding section is valid only for suffi-
ciently small ∆xk such that the composition of sets S and R does not change.
Although computing the optimal ∆xk in not possible in one step, one can
compute the largest update ∆xmax

k such that composition of sets S and R

remains intact. Four cases must be accounted for1:

1. Some xi in S reaches a bound (upper or lower one). Let ε be a small
number. Compute the sets2

IS
+ = {i ∈ S : sign(∆xk)βi > ε}

IS
− = {i ∈ S : sign(∆xk)βi < −ε}.

The examples in set IS
+ have positive sensitivity with respect to the

current example; that is, their weight would increase by taking a step
∆xk . These examples should be tested for reaching the upper bound
C. Likewise, the examples in set IS

− should be tested for reaching 0.
The examples with −ε < βi < ε can be ignored, as they are insensitive
to ∆xk. Thus the possible weight updates are:

∆xmax
i =

{

C − xi, if i ∈ IS
+

− xi, if i ∈ IS
−,

and the largest possible ∆xS
k before one of the elements in S reaches a

bound is:

∆xS
k = absmin

i∈IS

+
∪IS

−

∆xmax
i

βi

, (10)

where
absmin

i
(x) := min

i
|xi| · sign(x(argmin

i

|xi|)).

2. Some gi in R reaches zero. Compute the sets

IR
+ = {i ∈ E : sign(∆xk)γi > ε}

IR
− = {i ∈ O : sign(∆xk)γi < −ε}.

The examples in set IR
+ have positive sensitivity of the gradient with

respect to the weight of the current example. Therefore their (negative)

1In the original work of Cauwenberghs and Poggio five cases are used but two of them
easily fold together.

2Note that sign(∆xk) is +1 for the incremental and −1 for the decremental cases.



gradients can potentially reach 0. Likewise, gradients of the examples in
set IR

− are positive but are pushed towards 0 with the changing weight
of the current example. Only points in IR

+ ∪ IR
− need to be considered

for computation of the largest update ∆xR
k :

∆xR
k = absmin

i∈IR

+
∪IR

−

−gi

γi

. (11)

3. gk becomes 0. This case is similar to case 2, except that feasibility test
becomes:

sign(∆xk)γk > ε,

and if it holds, the largest update ∆x
g
k is computed as:

∆x
g
k =

−gk

γk

. (12)

4. xk reaches the bound. The largest possible increment is clearly

∆xx
k =

{

C − xk , if xk is added

− xk, if xk is removed.
(13)

Finally, the largest possible update is computed among the four cases:

∆xmax
k = absmin ([∆xS

k ; ∆xR
k ; ∆x

g
k; ∆xx

k ]). (14)

The rest of the incremental SVM algorithm essentially consists of repeated
computation of the update ∆xmax

k , update of the sets S, E and O, update of
the state and of the sensitivity parameters β and γ. The iteration stops when
either case 3 or case 4 occurs in the increment computation. Computational
aspects of the algorithm can be found in [4].

Special case: empty set S

Applying this incremental algorithm leaves open the possibility of an empty
set S. This has two main consequences. First, all the blocks with the sub-
script s vanish from the KT conditions (4). Second, it is be impossible to
increase the weight of the current example since this would violate the equal-
ity constraint of the SVM. As a result, the KT conditions (4) can be written
component-wise as

∆gk = ak∆µ (15)

∆gr = ar∆µ. (16)

One can see that the only free variable is ∆µ, and [ak; ar] plays the role of
sensitivity of the gradient with respect to ∆µ. To select the points from E or
O which may enter set S, a feasibility relationship similar to the main case,



can be derived. Resolving (15) for ∆µ and substituting the result into (16),
we conclude that

∆gr = −
ar

ak

∆gk.

Then, using the KT conditions (2), the feasible index sets can be defined as

I+ = {i ∈ E : −
ai

ak

gk > ε} (17)

I− = {i ∈ O : −
ai

ak

gk < −ε} (18)

and the largest possible step ∆µmax can be computed as:

∆µmax = absmin
i∈I+∪I

−
∪k

−gi

ai

. (19)

ONLINE SVDD

As it was mentioned in the introduction, the online SVDD algorithm uses
the same procedure as the incremental SVM, with the following definitions
of the abstract parameters in problem (1): c = diag(K), a = y and b = −1.
However, special care needs to be taken of the initialization stage, in order
to obtain the initial feasible solution.

Initialization

For the standard support vector classification, an optimal solution for a sin-
gle point is possible; x1 = 0, b = y1. In the incremental SVDD the situation
is more complicated. The difficulty arises from the fact that the equality
constraint

∑n
i=1 aixi = 1 and the box constraint 0 ≤ xi ≤ C may be incon-

sistent; in particular, the constraint cannot be satisfied when fewer than d 1
C
e

examples are available. This initial solution can be obtained by the following
procedure:

1. Take the first b 1
C
c objects, assign them weight C and put them in E.

2. Take the next object k, assign it xk = 1 − b 1
C
cC and put it in S.

3. Compute the gradients gi of all objects, using (2). Compute µ such
that for all objects in E the gradient is less than or equal to zero:

µ = −max
i∈E

gi (20)

4. Enter the main loop of the incremental algorithm.
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Figure 1: Classification of a time series using a fixed classifier (top) and an online
classifier (bottom). The dotted line with the regular peaks are the keystrokes.
The noisy solid line indicates the classifier output. The dashed line is the EOG,
indicating the activity of the eye (in particular eye-blinks).

Experiments on BCI data

This experiments shows the use of the online novelty detection task on non-
stationary time series data. The online SVDD is applied to a BCI (Brain-
Computer-Interface) project [2, 3]. A subject was sitting in front of a com-
puter, and was asked to press a key on the keyboard using the left or the
right hand. During the experiment, the EEG brain signals of the subject are
recorded. From these signals, it is the task to predict which hand will be used
for the key press. The first step in the classification task requires a distinc-
tion between ‘movement’ and ‘no-movement’ which should be made online.
The incremental SVDD will be used to characterize the normal activity of
the brain, such that special events, like upcoming keystroke movements, are
detected.

After preprocessing the EEG signals, at each time point the brain activity
is characterized by 21 feature values. The sampling rate was reduced to 10
Hz. A window of 500 time points (thus 5 seconds long) at the start of the
time series was used to train an SVDD. In the top plot of figure 1 the output
of this SVDD is shown through time. For visualization purposes just a very
short, but characteristic part of the time series is shown. The dotted line
with the regular single peaks indicates the times at which a key was pressed.
The output of the classifier is shown by the solid noisy line. When this line
exceeds zero, an outlier, or deviation from the normal situation is detected.
The dashed line at the bottom of the graph, shows the muscular activity at
the eyes. The large spikes indicate eye blinks, which are also detected as
outliers. It appears that the output of the static classifier through time is
very noisy. Although it detects some of the movements and eye blinks, it also
generates many false alarms.

In the bottom plot of figure 1 the output of the online SVDD classifier is



Table 1: Test classification errors on the USPS dataset, using a support
vector classifier (RBF kernel, σ

2 = 0.3 · 256) with just M objects.

M 50 100 150 200 250 300 500 ∞
error (%) 25.41 6.88 4.68 4.48 4.43 4.38 4.29 4.25

shown. Here again, an output above zero indicates that an outlier is detected.
It is clear that the online-version generates less false alarms, because it follows
the changing data distribution. Although the detection is far from perfect,
as can be observed, many of the keystrokes are indeed clearly detected as
outliers. It is also clear that the method is easily triggered by the eye blinks.
Unfortunately the signal is very noisy, and it is hard to quantify the exact
performance for these methods on this data.

ONLINE LEARNING IN LARGE DATASETS

To make the SVM learning applicable to very large datasets, the classifier
has to be constrained to have a limited number of objects in memory. This
is, in principle, exactly what an online classifier with fixed window size M

does. The only difference is that removing the oldest object is not useful in
this application because the same result is achieved as if the learning had
been done on the last M objects. Instead, the “least relevant” object needs
to be removed during each window advancement. A reasonable criterion for
relevance seems to be the value of the weight. In the experiment presented
below the example with the smallest weight is removed from the working set.

Experiments on the USPS data

The dataset is the standard US Postal Service dataset, containing 7291 train-
ing and 2007 images of handwritten digits, size 16× 16 [19]. On this 10 class
dataset 10 support vector classifiers with a RBF kernel, σ2 = 0.3 · 256 and
C = 100, were trained3. During the evaluation of a new object, it is assigned
to the class corresponding to the classifier with the largest output. The total
classification error on the test set for different window sizes M is shown in
table 1.

One can see that the classification accuracy deteriorates marginally (by
about 10%) until the working size of 150, which is about 2% of the data.
Clearly, by discarding “irrelevant” examples, one removes potential support
vectors that cannot be recovered at a later stage. Therefore it is expected
that performance of the limited memory classifier would be worse than that
of an unrestricted classifier. It is also obvious that no more points than the
number of support vectors are eventually needed, although the latter number
is not known in advance. The average number of support vectors per each
unrestricted 2-class classifier in this experiment is 274. Therefore the results
above can be interpreted as reducing the storage requirement by 46% from

3The best model parameters as reported in [19] were used.



the minimal at the cost of 10% increase of classification problem.
Notice that the proposed strategy differs from the caching strategy, typical

for many SVMlight-like algorithms [6, 8, 5], in which kernel products are re-
computed if the examples are found missing in the fixed-size cache and the
accuracy of the classifier is not sacrificed. Our approach constitutes a trade-
off between accuracy and computational load because kernel products never
need to be re-computed. It should be noted, however, that computational
cost of re-computing the kernels can be very significant, especially for the
problems with complicated kernels such as string matching or convolution
kernels.

CONCLUSIONS

Based on revised version of the incremental SVM, we have proposed: (a) an
online SVDD algorithm which, unlike all previous extensions of incremental
SVM, deals with an unsupervised learning problem, and (b) a fixed-memory
training algorithm for the classification SVM which allows to limit the mem-
ory requirement for storage of the kernel matrix at the expense of classifica-
tion performance. Experiments on novelty detection in non-stationary time
series and on the USPS dataset demonstrate feasibility of both approaches.
More detailed comparisons with other subsampling techniques for limited-
memory learning will be carried out in future work.
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